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Abstract. The shell model Monte Carlo (SMMC) approach allows for the microscopic
calculation of statistical and collective properties of heavy nuclei using the framework of the
configuration-interaction shell model in very large model spaces. We present recent applications
of the SMMC method to the calculation of state densities and their collective enhancement
factors in rare-earth nuclei.
1. Introduction
Collective states constitute a significant part of the spectra of heavy nuclei up to moderate
excitation energies and they are often described by bands that are built on top of intrinsic states.
However, the contribution of these collective states to the nuclear state density is difficult to
calculate microscopically, and is often described by phenomenological collective enhancement
factors [1]. The challenge of computing the collective enhancement factors microscopically can
be overcome using the shell model Monte Carlo (SMMC) method [2, 3, 4, 5]. This method is
particularly suitable for the calculation of thermal and statistical properties of nuclei.
Here we discuss recent applications of the SMMC method to the isotopic families of even-
even samarium and neodymium nuclei [6, 7], which exhibit a crossover from vibrational to
rotational collectivity. In particular, we present results for the state densities and their collective
enhancement factors.
2. The shell model Monte Carlo (SMMC) approach
The SMMC method is based on the Hubbard-Stratonovich (HS) transformation [8] to express
the Gibbs operator e−βH of a nucleus (described by a Hamiltonian H at inverse temperature
β = 1/T ) as a superposition of one-body propagators of non-interacting nucleons moving in
external auxiliary fields σ(τ) that depend on imaginary time τ (0 ≤ τ ≤ β)
e−βH =
∫
D[σ]GσUσ . (1)
Here Gσ is a Gaussian factor and Uσ describes a one-body propagator associated with a given
set of auxiliary fields σ. Subsequently, the thermal expectation value of an observable O at
inverse temperature β can be written in the HS representation as
〈O〉 =
Tr (Oe−βH)
Tr (e−βH)
=
∫
D[σ]WσΦσ〈O〉σ∫
D[σ]WσΦσ
, (2)
where 〈O〉σ = Tr (OUσ)/Tr Uσ is the thermal expectation value of the observable in a given
configuration of the auxiliary fields σ. Since the numbers of neutrons and protons are fixed for a
given nucleus, all traces in Eq. (2) are evaluated in the canonical ensemble. Defining a positive-
definite function Wσ = Gσ|Tr Uσ| and the associated Monte Carlo sign Φσ = Tr Uσ/|Tr Uσ|,
auxiliary-field configurations σk are sampled according to Wσ, and the expectation value in (2)
is then estimated from 〈O〉 ≈
∑
k〈O〉σkΦσk/
∑
k Φσk .
3. Collective enhancement in the state densities of heavy nuclei
Nuclear collectivity is a ubiquitous phenomenon in heavy nuclei. Various types of collectivity,
such as vibrational collectivity and rotational collectivity, are observed and are well described
by phenomenological models. However, a microscopic description of nuclear collectivity using
the configuration-interaction (CI) shell model is a challenging task. In particular, CI shell model
calculations of heavy nuclei require model spaces that are many orders of magnitude larger than
model spaces that can be treated by conventional diagonalization methods. The SMMC was
successfully applied to describe the rotational character of the rare-earth nucleus 162Dy [9] in
the framework of a truncated spherical shell model space. Recently, using the same approach
and model space, the crossover from vibrational to rotational collectivity in families of even-
even samarium and neodymium isotopes was also reproduced [6, 7]. Here we discuss the state
densities of these nuclei and the associated collective enhancement factors.
The single-particle model space consists of the 50 − 82 major shell orbitals plus the 1f7/2
orbital for protons, and the 80 − 126 major shell orbitals plus the 0h11/2 and 1g9/2 orbitals
for neutrons. The bare single-particle energies of the orbitals were chosen so they reproduce
the Woods-Saxon energies in the spherical Hartree-Fock approximation. The effective two-
body interaction consists of monopole pairing interaction terms for protons and neutrons,
and multipole-multipole interaction with quadrupole, octupole and hexadecupole terms. The
calculations were performed using an SMMC code in the proton-neutron formalism [9].
3.1. State Densities
The SMMC method has proven to be a powerful technique for the calculation of state
densities [10, 11]. In the SMMC approach, the thermal energy is calculated as the expectation
value of the many-body Hamiltonian at an inverse temperature β. The canonical partition
function is computed by integrating the thermal energy with respect to β, and the state density
is obtained by inverting the Laplace transform of the canonical partition function in the saddle-
point approximation.
In Fig. 1 we show the SMMC state densities calculated for the even-even 148−154Sm and
144−152Nd isotopes. We compare the SMMC results (circles) with the experimental state
densities at low energies using level counting data (histograms), and at the neutron resonance
energy (when available) assuming the spin cutoff model with rigid-body moment of inertia
(triangles). We also show the BBF state densities (solid lines) whose parameters (i.e., the single-
particle level density parameter and the backshift parameter) are determined from level counting
and neutron resonance data. The SMMC results are also compared with the densities calculated
by the finite-temperature Hartree-Fock-Bogoliubov (HFB) approximation (dashed lines). The
observed enhancement of the SMMC densities over the HFB densities can be attributed to the
presence of collectivity in these nuclei, since collective excitations are included in the SMMC
approach but are absent in the HFB densities. The HFB densities also display “kinks” at
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Figure 1. State densities in the even-even 148−154Sm and 144−152Nd isotopes. The SMMC
densities (circles) are compared with level counting data (histograms) and neutron resonance
data (triangles) when available. Also shown are the BBF state densities (solid lines), which
are parametrized using the experimental data, and the HFB densities (dashed lines). The thin
arrows indicate the neutron and proton pairing phase transitions, and the thick arrows indicate
the shape phase transitions. Adapted from Refs. [6, 7].
energies that correspond to the phase transitions associated with the breaking of the proton and
neutron pairs (thin arrows) and with the transitions from deformed to spherical shapes (thick
arrows). These shape transitions occur in all nuclei except 148Sm, 144Nd and 146Nd, which are
spherical in their ground states. The shape transitions in 152Sm, 154Sm, 150Nd and 152Nd occur
at excitation energies that are higher than those displayed in Fig. 1. They can be seen, however,
in Fig 2.
3.2. Collective Enhancement
The microscopic calculation of collective effects in the state density of heavy nuclei has been
a major challenge. Such effects are usually described in terms of phenomenological vibrational
and rotational collective enhancement factors [1].
Recently we introduced [6, 7] the ratio of the SMMC and the HFB densities, i.e., K =
ρSMMC/ρHFB, as a microscopic measure of the collective enhancement factor. In Fig. 2,
we show K as a function of the excitation energy Ex for the above families of samarium
and neodymium isotopes. In the spherical nuclei 148Sm, 144Nd, and 146Nd, collectivity is
predominantly vibrational and is observed to be lost completely (i.e., K ∼ 1) above the pairing
transition energies. The other samarium and neodymium isotopes are deformed, and collectivity
persists at higher excitation energies than the pairing transition energies where the enhancement
is due to rotational collectivity. Above the shape transition energy, the collective enhancement
factor decays to K ∼ 1 since spherical nuclei can no longer support rotational bands.
4. Conclusion
We discussed recent SMMC applications to the even-even 148−154Sm and 144−152Nd isotopes.
The total SMMC state densities were shown to be in very good agreement with experimental
data. We also extracted a microscopic measure of the collective enhancement factor defined
by the ratio of the SMMC and HFB densities. We observed that the decay of vibrational
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Figure 2. Collective enhancement factor K versus excitation energy Ex in the even-even
148−154Sm and 144−152Nd isotopes. The pairing and shape transition energies are shown by
the thin and thick arrows, respectively. Adapted from Refs. [6, 7].
and rotational collectivity with excitation energy correlates with the pairing and shape phase
transitions, respectively.
Acknowledgments
This work was supported in part by the U.S. Department of Energy Grant No. DE-FG02-
91ER40608, and by the Grant-in-Aid for Scientific Research (C) No. 25400245 by the JSPS,
Japan. The research presented here used resources of the National Energy Research Scientific
Computing Center, which is supported by the Office of Science of the U.S. Department of Energy
under Contract No. DE-AC02-05CH11231. It also used resources provided by the facilities of
the Yale University Faculty of Arts and Sciences High Performance Computing Center.
References
[1] Capote R et al. 2009 Nuclear Data Sheets 110 3107, and references therein
[2] Lang G H, Johnson C W, Koonin S E and Ormand W E 1993 Phys. Rev. C 48 1518
[3] Alhassid Y, Dean D J, Koonin S E, Lang G H and Ormand W E 1994 Phys. Rev. Lett. 72 613
[4] Koonin S E, Dean D J and Langanke K 1997 Phys. Rep. 278 2
[5] Alhassid Y 2001 Int. J. Mod. Phys. B 15 1447
[6] O¨zen C, Alhassid Y and Nakada H 2013 Phys. Rev. Lett. 110 042502
[7] Alhassid Y, O¨zen C and Nakada H 2014 Nuclear Data Sheets 118 233
[8] Hubbard J 1959 Phys. Rev. Lett. 3 77; Stratonovich R L 1957 Dokl. Akad. Nauk. S.S.S.R. 115 1097
[9] Alhassid Y, Fang L and Nakada H 2008 Phys. Rev. Lett. 101 082501
[10] Nakada H and Alhassid Y 1997 Phys. Rev. Lett. 79 2939
[11] Alhassid Y, Liu S and Nakada H 1999 Phys. Rev. Lett. 83 4265
